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LETTER TO THE EDITOR 
On the  Bose-E ins te in  condensat ion  o f  a per fec t  gas  
An art ic le by Fowler  and  Jones  1) on the Bose-E ins te in  
condensat ion  of a perfect  gas has  prompted  a fu r ther  invest igat ion  of th is  
prob lem.  
As is well known,  a perfect  gas, cons is t ing of a very  great  number  N of 
B o s e-E i n s t e i n part ic les,  enclosed in a box of vo lume V, has a 
t rans i t ion  temperature  T o , def ined by :  
N ( h 2 ,3/~ co. 
T~2~---~*kT0; = Z~-s""-i -- 2.612 (1) 
at  which there  is a d i scont inu i ty  in the second der ivat ive,  w i th  respect  to 
the temperature ,  of the  to ta l  energy  E of the gas, and below which the 
pressure of the  gas is independent  of the  volume,  as w i th  a real gas in the 
coexistence region. Th is  phenomenon is therefore cal led B o s e-E i n- 
s t e i n condensat ion  2) 3). 
Now the quest ion  presents  itself, whether  th is  phenomenon will also 
occur w i th  another  number  w of d imens ions,  or w i th  a more general  form 
of the field. Therefore  (while tak ing  the usual  wel l -known formulae of B o s e 
s tat is t ics  to be  correct) we have  invest igated  w-d imens ional  potent ia l  f ields 
of such a shape as to give sequences of e igen-values of the  form:  
h 2 [ -S? l  I saw-- 1] 
ei = es, ........ = const. - -m t a 2 + . . . .  + ~ A  (2) 
where a is a number  between 1 and 2; s 1, . . . . .  s w are the w necessary 
quantum numbers ,  and  a 1 . . . . . .  a w are cer ta in  "character i s t i c  lengths"  
of the  field. (The lowest level, w i th  s I . . . . . .  s w = 1, has been taken  as the 
zero po in t  of the  energy scale). For  a = 2 the potent ia l  field is that  of the 
w-d imens ional  rec tangu lar  box, w i th  side lengths  a 1 . . . . . .  aw; for a = 1 we 
obta in  the w-d imensional  harmon ic  osci l lator  field (with appropr ia te  choice 
of the  constant ,  the  a 1 . . . . . .  a w can be cons idered as the hal f -axes of the 
(w-dimensional  el l ipsoidal) classical " l i v ingspace"  of the  part ic les a t  the 
lowest level). 
In an art icle, st i l l  to be pub l i shed i), i t  will be shown, that  the occurrence 
and character o/ the transit ion temperature T O depend on the value o/the number  
q = w/a (quotient o/ the number  o /d imens ions  and the exponent o/the quantum 
number  in the enerz), eigenvalue). For  q ~ 1 there is no such point To; /or 
q > 1 a transit ion point  exists, and is def ined by an equat ion  
oo 
const,  v. T~-o q = Z ]--q ~ ~(q) (3) 
1 
in which v is the  quant i ty  
N 
- (4 )  
v=l  
The character  of the t rans i t ion  point ,  is as fol lows: For  1 < q < 3/2, 
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E, dE /dT  and d2E/dT  2 are cont inuous  a t  T = To; d iscont inu i t ies  occur  in 
h igher  der ivat ives .  For  q = 3/2 ( jus t  the  case  of  the  3 -d imens iona l  box ,  
w = 3, a = 2), d2E/dT  2 shows  a f in i te  d i scont inu i ty ,  for  3/2 < q ~ 2 
d2E/dT 2 shows  an  in f in i te  d i scont inu i ty  a t  T = T 0. For  q > 2, the  spec i f ic  
heat  dE/dT  shows  a f in i te  d i scont inu i ty  a t  T = T 0, so that  we have  a ; t -point .  
A we l l -de f ined  t rans i t ion  po in t  T o appears  on ly  w i th  a very  great  number  
N of  par t i c les  ( theoret i ca l l y  on ly  for  in f in i te  N) ; the  t rans i t ion  temperature  
T o is f in i te  on ly  [in the  l im i t ing  case  N = co] if v is f in i te .  
For  the  box ,  a = 2, v is equa l  to  the  (mean)  dens i ty  of  the  gas  ( the number  
• to  
of par t i c les  per  un i t  vo lume,  n = N/ I Iav ) .  If, with  N -+ co, v tends  to  zero or  
v=l  
in f in i ty ,  then  T o a lso tends  to  zero or in f in i ty  respect ive ly ,  i.e., the  t rans i -  
t i on  po in t ,  wh i le  becoming  sharper ,  a t  the  same t ime tends  to  zero or inf i -  
n i ty .  The  f i r s t  case  occurs  e.g. when,  w i th  a < 2, one  keeps  the  "dens i ty"  
tv 
n = N~/7  a v a constant  wh i le  N -+ co; the  second case  when for  example  one  
v=l 
in t roduces  N = oo par t i c les  in a f ie ld w i th  f in i te  character i s t i ca l  l engths  
a 1 . . . . . .  • ato (e.g. a box  of f in i te  d imens ions) .  
Wi th  N ~ co and  f in i te  v, in the  case  q > 1 ( t rans i t ion  po in t )  and  at  
temperatures  be low T o , the  number  N o of  par t i c les  in the  lowest  s ta te  a lso  
tends  to  in f in i ty ,  in such  a way  as to  remain  a f in i te  f rac t ion  of  the  to ta l  
number  N and  the  fo rmula  
N o (T ) '  
- l - -  ~00 /5/ 
ho lds .  L o n d o n ' s  3) we l l -known fo rmula  for No/N is the  spec ia l  case  for 
q = 3/2 (3 -d imens iona l  box) .  
L ike  F o w 1 e r and  J o n e s 1), but  un l i ke  L o n d o n a) we car r ied  out  
the  mathemat ica l  p roo fs  and  ca lcu la t ions  w i thout  approx imat ing  the  (for 
f in i te  N) d i sc re te  energy  spect rum (2) by  a cont inuous  one.  Our  method  
can  on ly  be used  w i th  potent ia l  f ie lds  of  spec ia l  fo rm (e.g. w i th  a rec tangu lar  
box ,  but  not  w i th  a box  of  a rb i t ra ry  fo rm) .  F ie lds  of  st i l l  more  genera l  
fo rm can  probab ly  on ly  be tack led  w i th  a "cont inuous  spect rum"  approx-  
imat ion ;  in that  case  L o i1 d o n ' s  "mixed  cont inuous  d i sc re te  spect rum"  
method  is to  be pre fer red ,  as  it  avo ids  some of the  mathemat ica l  d i f f i cu l t ies  
wh ich  are  encountered  when a complete ly  "cont inuous  spect rum"  method  
is used .  S.R .  DE C-ROOT *). 
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